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Question 1.

(1) Below is the definition of primitive recursive (PR) functions. Fill in the
blanks | (i) ) |

(a) The function zero : N — N, given by zero() = 0, is PR.

(b) The successor function suc : N — N, given by suc(z) = | @) |, is
PR.
(¢) The projection function projj : N* — N, given by proj; (z1,. .., Zn) =

, is PR. Here i € [1,n].
(d) Composition of PR functions is PR. That is,
g:N® -NisPR ¢g1:N"—>NisPR -+ gn:N*=NisPR
gloi®), . gmiT) ) B PR

Mt
(e) (Primitive recursion) Let g : N* — N and h : — N be PR

functions. Then the function f : \ — N defined by

fE0 = 9@, fEgiD = MEufe]
is PR. Here and are the arities of h and f, respectively.

(2) Show that the predecessor function

z—1 ifz>1
0 otherwise

pred(z) := {

is PR. (Hint: look carefully at how primitive recursion is formulated)



Question 2.

(1) Give an example of a recursive function that is not PR.

(2) Give an example of a recursively enumerable (RE) predicate that is not
recursive.

(3) Answer if each of the following statements is true or false. (No need for
proofs or counterexamples, though desired)

(a) If P C N™ is recursive, =P (i.e. N™\ P) is recursive.

(b) If P C N™ is recursively enumerable, =P (i.e. N™ \ P) is recursively
enumerable.

(4) What is “Negation Theorem”?

(5) If P,@Q C N™ are recursively enumerable, PV Q is recursively enumerable.
Prove this.

(6) If P,@ C N™ are recursively enumerable, P AQ is recursively enumerable.

Prove this.

Question 3.

Let P C N be a predicate; and consider the following conditions (a—c).

(a) There is a recursive function g : N — N such that

P = dom(g) = {z € N | the value g(z) is defined} .

(b) P C N is either empty, or there is a PR function h : N — N such that

P — image(h) ={h(z) |z e N} .

(c) There exists a recursive predicate @ C N? such that, for for any = € N,

P(z) holds — Q(z,y) holds for some y € N .

Answer the following questions.
(1) Show that (b) implies (c).
(2) Show that (c) implies (a).
(3) Show that (a) implies (b).

(Hint: transform g into the Kleene normal form. You would also need
Godel numbers of sequences.)



Question 4.
(1) Prove that, if

e f:N™ N is a recursive function and

e its domain {Z | f(&) is defined} is a recursive predicate,
then f can be extended into a total recursive function.

(2) Prove that, if P C Nis RE and g : N — N is recursive, then the predicate
{9(z)|zeP} CN

is RE.

Question 5.

(1) Explain each the following keywords using a few lines.

(a) Universal recursive function

(b) Recursion theorem

(2) Answer if each of the following statements is true or false. (No need for
proofs or counterexamples, though desired)

(a) Given k € N, it is decidable if it is a code of a total recursive function.

(b) Given k € N, it is decidable if it is a code of some (not necessarily
total) recursive function.

(¢) Given natural numbers k,! € N, it is decidable if they are codes of
the same recursive function.

Question 6.

Describe what you know about Godel’s incompleteness theorem. It can be:
e its intuition,
e its statement,
e a rough sketch of its proof,
e its relationship to Godel’s completeness theorem,

or else.



